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Representation of the Electromagnetic Field

The electromagnetic field at a certain plane is given by

Ve (p) = Ve (p)| exp (ive(p))

where ¢/ = 1,...,6 to account for all six field components. p = (x,y) is the
projection of the position vector onto the transversal plane.

Amplitude: |V; (p Phase: v¢(p) = arg [Vy (p)]

3.14

2mm
2mm
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Extract the Smooth Wavefront Phase (Geometric Phase)

Ve(p) = [Ve(p)lexp (ive(p))

= Us(p)exp(iv(p))

 Residual diffractive field: Uy (p) = |Ve (p)| exp (i7e(p) — i (p))

- Smooth wavefront phase: ¥ (p)
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Hybrid Sampling Strategy

Ve (p) = U (p) exp (iv(p))

\

/

gridded sampling (equidistance)

Interpolation methods
Sinc interpolation
Cubic 8 interpolation

ooooooooooo
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gridless sampling (non-equidistance)
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Interpolation methods

Quadratic interpolation
B-Spline interpolation
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Field behind a Mask

Aperture T' (p)

Amplitude of £, Component [V /m]

1.42

3.2mm

|deal spherical wave

Vi(p) = —— exp (%" ()

/p2 + 742
U (p) = sgn (r) koin/p? + 12
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Fourier Transform of the Field behind a Mask

|deal spherical wave

out

/r?
\ /

Aperture T' (p)
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Fourier Transform of the Field behind the Mask
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|deal spherical wave l/\
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Results of Fourier Transform

r =10 mm

r =50 mm

- # Increasing NA D

E, Component [uV/m] .66 E, Component [1 x 1078V/m] 3.3 E, Component [1 x 107°V/m] 7.23 E, Component [1 x 107°V/m| 1.2 E, Component [1 x 107°V/m]| 1.87

a

r = 400 7“:200mmO




Results of Fourier Transform

r =10 mm

r =50 mm

Increasing NA
:F' # 1:1 mapping

E, Component [uV/m| .66 E, Component [1 x 1078V/m] 3.3 E, Component [1 x 107°V/m] 7.23 Component [1x107°V/m 1.2 E, Component [1 x 107V /m] \

a

r = 400 7“:200mmO




Homeomorphic Fourier Transform (HFT)

Vi (p) = Us (p)exp (iv(p))

S

2D Fourier transform integral

‘72 (k) = //_OO Ve (p) exp (—ik - p) dk,dk,

) k= (ka, ky)

Vit = [ Ui () exp iv(p) ~ - p) Ak,
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Homeomorphic Fourier Transform (HFT)

Vi = [ " Us (p) exp (i(p) — i - p) dkad,

Stationary phase method

at k = (0, 0) °W"

1:1 mapping

vip)—K-p
B
p=(0,0)

V((p)—k-p)=0

11
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Bijective Mapping (Homeomorphism)

||||||||||||||||

L

il

2:1 mapping (X) 1:1 mapping (v)

Conditions of the stationary phase method

* Uy (p) is slow varying field.[(wavefront phase dominate FT):

- For given k, there is only one p have V (¢(p) — k- p) = 0. :(bijective mapping)]

Criteria of the homeomorphism: the second derivative factor 7, — 1.1y, are all

positive or all negative in the definition domain.
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Homeomorphic Fourier transform

Ve (p) = U (p) exp (ip(p))

Viy(p) =k (p— kK, 1:1 mapping relation)

/

Vi (k) = alp (k)] Uslp (k)] exp (it [p (k)] — K - p(K))
= A (k) exp (i) (x))

Ve (P)
with  a ( { \/%w(p) \/ w%y(p) Vuw(P)yy(p) Vaw () # 0
|¢my(P)| ’ wxaz (P) — 0
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HFT vs. FFT @ NA=0

Sampling Points for Different Fourier Transform Techniques

FFT

HFT
NA=0 K(?CS x 59), not accurate (73 x 59)
Amplitude of £, Component [kV /m] Amplitude of £, Component [uV/m]
€ - _
r 2.5 0.66
= E
5 E
X A
r = inf, “
D =27 mm
= NA=0 0 0

quite small window size

www.wyrowski-photonics.com
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HFT vs. FFT @ NA = 0.027

Sampling Points for Different Fourier Transform Techniques

NA = 0.027

.

HFT
73 x 59)

FFT
(7947 x 6225)

r=50 mm,
D=2.7mm
=2 NA = 0.027

\

Amplitude of E,, Component [1 x 107°V/m]

7 x10°1/m

6

Amplitude of E,, Component [1 x 107°V/m]

7 x10%1/m

1

7.23

16
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HFT vs. FFT @ NA =0.134

Sampling Points for Different Fourier Transform Techniques

FFT
NA = 0.134 K (73 x 59) (1333 x 925)
Amplitude of E,, Component [1 x 107°V/m] Amplitude of E,, Component [1 x 107°V/m]
3 ~ N
' 1.23 1.23

S S

< - iy iy

E: E:

X X

r=10 mm, o o
D =2.7mm

= NA=0.134 0 0
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HFT vs. FFT @ NA = 0.804

Sampling Points for Different Fourier Transform Techniques

FFT
NA = 0.804 K (73 x 59) (7947 x 6225)
Amplitude of E,, Component [1 x 10710V /m] Amplitude of E,, Component [1 x 10710V /m
(4 - N

' 1.87 1.87
[ (1S E E
= =
X X
r=1mm, < N

D =2.7 mm
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Comparison of the Numerical Effort and Accuracy

50% 4
——  deviation ZZD
— — samplingpoints of the HFT T o
a0% . sampling points of the FFT o777 35 .,
e 2
= g
- @)
S 30% 3 &
(- X))
S E
; Q
5 ° 3
o 2
~—
IS
100/0 p 2 E
=
————————————————————————— =
0.190% E
0% / 15
0 0.2 0.3 0.4 0.5 —

numerical aperture: NA = nsin 6 = %

az+r
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Comparison of the Numerical Effort and Accuracy

i =N

50%

40%|

deviation

sampling points of the HFT

sampling points of the FFT

W
o

w

n
3

N

-
(9]

numerical aperture: NA = nsinf =

a

Va2+r?

logarithm of the sampling points x: (logN X)

0.5
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Comparison of the Numerical Effort and Accuracy

500/0 4 g
——  deviation ZZD
— — sampling points of the HFT o
a0% . sampling points of the FFT 3.5 ’
i
=) =
o
S 30% 3 &
= o0
S 5
- o,
5 53
© 2
~—
kS
10%) ; 2 £
=
__________ :4:
S
<
0% 15 &
0 0.4 05

numerical aperture: NA = nsin 6 = %

Va<+r
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Plane Wave llluminates the “Light” Mask

Amplitude of £, Component [V /m|

83.5mV/m

“Light” Mask
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Through Zernike Phase Plate

Zernike Phase Plate

Y (p) =™ (p) =k Z

m,n=0

where k = n=r

and ¢ = arctan(?)

Ipmax |

“.” defocus

“+” defocus

Vi (p) = |Vi (p)| exp (iv(p)) “+” vertical astigmatism - vertical astigmatism
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Through Zernike Phase Plate
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m,n=0

|p rand 6 = arctan(<)

“ ”»

defocus

\

‘ ‘\\ \  “+” defocus i < \‘.

| i o |

Vi (p) x:\ Ve (p) \/\exp (iv(p)) L o+ Y?[tical aSt_ig_rf'?Ei§r_n ~~~~~~ v _ertlcia—l _a_s_tl?[n_aitl_s_rrl y
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Results of Fourier Transform

I Amplitude ‘% (R)‘ deviation from FFT ~ 0.2%

1.45x 1078V -m

40 mm

(c)*“-” defocus (d) “+ astigmatism x
1.45x 108V -m

2.5% 10° 1/m

¢ 9

(e) “-” astigmatism x (f) “+” astigmatismy (g) “-” astigmatism y
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Truncated Spherical Wave

Amplitude of £, Component [V/m]
aperture

spherical wave

—

14 mm

7
v

r = —20mm
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Results of Fourier Transform

Amplitude of £, Component [V /m] Amplitude of E, Component |1 x 107°V - m|

: 1.75

14 mm

Ve(p) = Ve (p)|exp (iv(p)) 7 (k)
W (p) = " (p) = sgn (r) koin/p? + r2
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Through Zernike Phase Plate

Ve(p) = Vi (p)|exp (iv(p))

Y(p) = P (p) + " (p)

“+” coma x

Zernike Phase Plate ‘47 trefoll . .
trefoll x “+” tetrafoil y “+” tertiary spherical
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Through Zernike Phase Plate
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e Vi(p) = Ve (p)llexp it (p))
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Results of Fourier Transform

Amplitude |V, (p TK Amplltude deviation from FFT ~ 0.1%
|
g
: |
X
! \
(c) y*" = ¢ Z3 (d) v*™" = Zl (e) wzef_qZ*JrczZl
Vi (p) = Ve (p)| exp (iv(p))
w(p) =" (p) + v (p)
- - (f) W =37t (g) Y™ = c4z 2 (h) y*r =3 Z;* + ¢47 2
) 1.75
£
=
X
(b) wzer =0 (1) wzer — CsZS (J) wzer = ¢ ZO (k) wzer _ CSZS + C6ZO
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Field with Very Strong Aberrations

aperture Zernike ph lat
P SrniKe phase plate How to handle

spherical wave general non-
/\ bijective phase?
| Ve (p) w(p) 970
— 9 . ‘
' omm Ve (p) = Ue (p) exp (ith(p)) }

25 mm

18 mm
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Handling of the General Non-bijective Wavefront Phase

970

flt 77bsph( ) + ¢zer( )
spherical phase and Zernike polynomials fitting 287 % 105
A(p)

18 mm

v(p) =" (p) + Ay(p)

18 mm
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Examination of the Bijectivity

9z0
oy
=
y
¢f|t< ) wsph( ) + wzer(p) S|gn of the (,(pfl'[ ) wflt wflt

criteria: the second derivative factor (wf”) — Yt it are all positive or all
negative in the definition domain.
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Optimization of the Non-bijective Wavefront Phase

Elementary iterative method
— start from the fitting result
— omit the highest Zernike term

— examine the bijectivity
* Yes, stop
* No, repeat the loop

Note: elementary optimization
result might be the best, but it
can be the start point of the
advanced optimization method.

Name & Type Fitting expression Fitting coefficients | y™ (p)
spherical phase Y P = sgn (R) koiin/p? + R? R =9.1mm v
Piston zZy=1 ¢) = 0.884 v
Tilt Y Z ' =2rsing o' =-2.524 v
Tilt X Z| =2rcosf ¢ =-1.171 v
Defocus Z0=V3(2p2 - 1) ) =-1.971 v
Astigmatism X Z% = V6r? cos 26 c% = 27.64 v
Trefoil Y Z:3 = V8risin30 ;) =6.141 Ve
Coma Y Z;' =8 (3r} - 2r) sing ;' =4.51 v
Coma X Z} = V8 (3rd = 2r) cos 0 i =64 v
Trefoil X Zg = V83 cos 36 cz =3.8441 v
Tetrafoil Y Z;* = V10r* sin4¢ 7t =-3.531 v
Spherical aberration z) =5 (6r* —6r* + 1) ¢ =0.0012 v
Secondary Astigmatism X Zf = V10 (4r* - 3r?) cos 26 cﬁ =0.154 X

34
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Wavefront Phase Optimization Result

970

18 mm
18 mm

sign of the (yMar)* — ymapy,map
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Handling of the General Wavefront Phase

970

Ll

ast 1. Spherical phase
and Zernike
phase fitting

18 mm

2. Examine the

@ v (p) ®) v (0) - "™ (p) (© ¥ (p) 4™ (p) non-bijectivity
s 3. Optimization of
W s the phase fitting
result
4

2
(e) sign of the (g[/}j;) — Myt (f) sign of the (;0)‘:‘)?13)2 I
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Homeomorphic Fourier Transform for the Non-bijective Field

Vi (p) = U (p) exp (ih(p))

Viy(p) =k (p— kK, 1:1 mapping relation)

~

Vi(k)=alp(k)|Uelp (k) exp(iY|p(k) — Kk p(k))

4 )

Vi (p) = Us (p) exp (i"*°(p)) exp (i (p))

Vyma(p) = gMP  (p — kM 1:1 mapping relation)

Vi (K%)= o [ (R"*)] Us [p (k") exp (i [p (5™9)] — K" - p (k7))

\_ J

37 www.applied-computational-optics.org



Results of Fourier Transform

Amplitude |V, (p)] —> Amplitude

1V/m

O

25 mm

\
\

6x 10* 1/m
(b) FFT

»
>

(c) HFT with ™ (p)

[E—

deviation from FFT ~ 1%

38
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Summary

Hybrid sampling strategy

— diffractive field and smooth wavefront phase

— reduce the number of sampling points for the 2-pi modulo phase
Homeomorphic Fourier transform

— stationary phase method
— mapping type operation: N (much fewer than FFT)

Validity of the homeomorphic Fourier transform

— diffractive field is slow varying

— wavefront phase is bijective (criteria: second derivative factor)
Application of the HFT on the field with non-bijective phase

— extract the bijective phase part
— using new the mapping relation
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Thank you for your attention!

40
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