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Representation of the Electromagnetic Field
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Extract the Smooth Wavefront Phase (Geometric Phase)
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Hybrid Sampling Strategy
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gridded sampling (equidistance) gridless sampling (non-equidistance)

Interpolation methods
• Sinc interpolation
• Cubic 8 interpolation

Interpolation methods
• Quadratic interpolation
• B-Spline interpolation



Field behind a Mask

5

1.42

0



Fourier Transform of the Field behind a Mask
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Fourier Transform of the Field behind the Mask
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Results of Fourier Transform

8

1.87

00000

1.237.233.30.66

Increasing NA



Results of Fourier Transform
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Homeomorphic Fourier Transform (HFT)
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2D Fourier transform integral 



Homeomorphic Fourier Transform (HFT)
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Bijective Mapping (Homeomorphism)
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2:1 mapping (✖) 1:1 mapping (✔)



Homeomorphic Fourier transform
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Numerical implementation and examples



HFT vs. FFT @ NA = 0
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HFT vs. FFT @ NA = 0.027
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HFT vs. FFT @ NA = 0.134
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HFT vs. FFT @ NA = 0.804
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Comparison of the Numerical Effort and Accuracy
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Comparison of the Numerical Effort and Accuracy
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Comparison of the Numerical Effort and Accuracy
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Plane Wave Illuminates the “Light” Mask

“Light” Mask



Through Zernike Phase Plate
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Through Zernike Phase Plate
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Results of Fourier Transform

www.applied-computational-optics.org25

deviation from FFT ~ 0.2%
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Truncated Spherical Wave

aperture



Results of Fourier Transform
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Through Zernike Phase Plate
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Through Zernike Phase Plate
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Results of Fourier Transform

deviation from FFT ~ 0.1%



Field with Very Strong Aberrations
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aperture Zernike phase plate
How to handle 
general non-

bijective phase?



Handling of the General Non-bijective Wavefront Phase
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spherical phase and Zernike polynomials fitting



Examination of the Bijectivity
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Optimization of the Non-bijective Wavefront Phase

• Elementary iterative method
− start from the fitting result
− omit the highest Zernike term
− examine the bijectivity 

• Yes, stop
• No, repeat the loop

• Note: elementary optimization 
result might be the best, but it 
can be the start point of the 
advanced optimization method. 



Wavefront Phase Optimization Result
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Handling of the General Wavefront Phase

1. Spherical phase 
and Zernike 
phase fitting

2. Examine the 
non-bijectivity

3. Optimization of 
the phase fitting 
result



Homeomorphic Fourier Transform for the Non-bijective Field
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Results of Fourier Transform
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deviation from FFT ~ 1%



Summary

• Hybrid sampling strategy 
− diffractive field and smooth wavefront phase
− reduce the number of sampling points for the 2-pi modulo phase

• Homeomorphic Fourier transform
− stationary phase method
− mapping type operation: N (much fewer than FFT) 

• Validity of the homeomorphic Fourier transform
− diffractive field is slow varying
− wavefront phase is bijective (criteria: second derivative factor)

• Application of the HFT on the field with non-bijective phase
− extract the bijective phase part
− using new the mapping relation
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Thank you for your attention!
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