
A K-Domain Method for Fast Calculation of Electromagnetic 
Fields Propagating through Graded-Index Media

Huiying Zhong1,2, Site Zhang2, Rui Shi1, Christian Hellmann3, and Frank Wyrowski1
1Applied Computational Optics Group, Friedrich Schiller University Jena, Germany, 07747
2LightTrans International UG, Jena, Germany, 07745
3Wyrowski Photonics GmbH, Jena, Germany, 07745

EOS Topical Meeting on Diffractive Optics 2019 



Connecting Field Solvers

free space

prisms, plates, cubes, ...

lenses & freeforms

apertures & boundaries

gratings

diffractive, Fresnel, meta 
lenses

HOE, CGH, DOE
micro lens & freeform 

arrays

SLM & adaptive 
components

diffractive beam splitters

diffusers

scatterer

waveguides & fibers

crystals & anisotropic 
components

nonlinear 
components

2

Field Solver



Regional Field Solver for Graded-Index Medium
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Regional Field Solver for Graded-Index Medium: Fiber
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Field Solver



Example: Fiber
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Fiber: Universal Field Solver
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Universal Field Solver:
Fourier Modal Method + Perfectly Matched Layers

(FMM+PMLs)

150 µm



Fiber: Specific Field Solver
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Fiber: Specific Field Solver
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- waist radius 5 µm
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Specific field solver
mode solvers [1]

split-step methods [2]
wave propagation method [3]

finite-element method
in cylindrical CS (JCM Wave)

x-domain runge-kutta solver [4]

[1] Kawano et al. Wiley (2004)
[2] M.D. Feit et al. Appl. Opt. (1978)
[3] Brenner et al. Appl. Opt. (1993)
[4] H. Zhong et al. J. Opt. Soc. AM. A (2018) 



Fiber: Specific Field Solver
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[4] H. Zhong et al. J. Opt. Soc. AM. A (2018) 



Fiber: Specific Field Solver
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x-domain RK FMM

[4] H. Zhong et al. J. Opt. 
Soc. AM. A (2018) 



Fiber: Specific Field Solver
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Input Gaussian
- waist radius 5 µm

- Ey-polarized
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x-domain runge-kutta solver [4]

100 µm

[4] H. Zhong et al. J. Opt. Soc. AM. A (2018) 

Talk: Numerical implementation of the homeomorphic 
Fourier transform
Time: Tuesday, 16.09.2019 | 12:20 – 12:40
Talk: On the importance of homeomorphic operators in 
physical and geometrical optics
Time: Tuesday, 16.09.2019 | 14:30 – 14:50



Other Field Solver?
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Task Description
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𝑥𝑥

𝑧𝑧
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How to calculate an electromagnetic field progation though graded-index media?



Theory: Maxwell‘s Equations
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Theory: Fourier Transform
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Theory: K-Domain Fomulation 
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Theory: K-Domain Fomulation 
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Theory: ODE in K-Domain 
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(7)

[5] Popov et al. J. Opt. 
Soc. Am. A(2001) 



Theory: Solve the ODE
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Convolution Operator: Domain Diagram
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N is number of 
sampling points 



Convolution Operator: Convolution Theorem
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Convolution Operator: Domain Diagram
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Convolution Operator: Domain Diagram
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Theory: Convolution Operator
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[2] S. Sheng et al. Phys. Rev. 
A (1980) 



Theory: Solve the ODE
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ODE solver (initial value problem)
• Euler method
• Taylor series methods
• Runge-Kutta methods
• ...

𝑥𝑥

𝑧𝑧



Initial Value: Approximation
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ODE solver (initial value problem)
• Euler method
• Taylor series methods
• Runge-Kutta methods
• ...

𝑥𝑥

𝑧𝑧

Approximation: 

Our initial field just contains forward 
propagation part
reflected field is not predicted 



Theory: Solve the ODE
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Theory: Solve the ODE
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ODE solver (initial value problem)
• Euler method
• Taylor series methods
• Runge-Kutta methods
• ...



Example: Fiber
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150 µm

Input Gaussian
- waist radius 5 µm

- Ey-polarized
- wavelength 532 nm

calculate the result fields by Fourier modal method and Runge-Kutta based k-
domain algorithm.
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Result: Amplitude [V/m] of Output Field
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Implemented by using 
programmable plug-in component in 
VirtualLab Fusion
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Result: Amplitude [V/m] of Output Field
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Implemented by using 
programmable plug-in component in 
VirtualLab Fusion

Polarization crosstalk 
between field components is 

included



Result: Amplitude [V/m] of Output Field
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Deviation 
~1%
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Result: Amplitude [V/m] of Output Field
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150 µm

~𝑁𝑁 × 𝑁𝑁𝑧𝑧 ~𝑁𝑁3

Implemented by using 
programmable plug-in component in 
VirtualLab Fusion

Deviation 
~1%



Two-Dimentional Case



Theory: ODE for 𝒚𝒚 −Invariant Condition

35

(8)

(9)

(10)



Y-Invariant GRIN Media: Luneburg Cylinder Lens
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40 µm

Input plane Output plane

Input plane wave
- beam size 38 µm

- 𝐸𝐸𝑥𝑥-polarized
- wavelength 532 nm

GRIN media:
-

𝑥𝑥

𝑧𝑧

Task: By using FMM (rigorous) and the RK k-domain algorithm
- calculate field propagation in GRIN media 𝑥𝑥𝑥𝑥 −plane
- calculate field in the output plane



Result: Amplitude of 𝑬𝑬𝒙𝒙 −Field 
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Output plane

𝑥𝑥

𝑧𝑧

FMM

𝑥𝑥

𝑥𝑥

Amplitude [V/m]

RK k-domain algorithm
Amplitude [V/m]

NA=0.85
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Result: Amplitude of 𝑬𝑬𝒙𝒙 −Field 
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Output plane

𝑥𝑥

𝑧𝑧

FMM

𝑥𝑥

𝑥𝑥

Amplitude [V/m]

RK k-domain algorithm
Amplitude [V/m]

High NA case is calculated 
accurately.



Three-Dimentional Case



3D Case
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3D Case: Luneburg Lens
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40 µm

Input plane Output plane

Input plane wave
- beam size 38 µm

- 𝐸𝐸𝑥𝑥-polarized
- wavelength 532 nm

GRIN media:
-

𝑥𝑥

𝑧𝑧

Task: RK k-domain algorithm
- calculate field in the output plane



Result: Amplitude and Energy Density of Electric Fields 
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Output plane

𝑥𝑥

𝑧𝑧

energy density

Too much numerical effort 
for FMM.



Conclusion

• Develop a fast k-domain algorithm to calculate field propagation through 
graded-index media
− Maxwell‘s equations to derive ODE

− Solving this ODE by Runge-Kutta method (4th order) slice by slice along 𝑧𝑧 −axis
− By using convolution theorem, convolution in k-domain is realized by multiplication in 

spatial domain. So numerical effort of this algorithm ~𝑁𝑁 × 𝑁𝑁𝑧𝑧, with 𝑁𝑁 is sampling points of 
field and 𝑁𝑁𝑧𝑧 denoting slice number

• Still missing: reflection
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Outlook: Further Tricks of Solver
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Thank you!

Funding: European Social Fund (ESF) (2017 SDP 0013)
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