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Context

1:1 Mapping Sequence in Physical Optics
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‘Ray tracing: poUt(p")
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Problem Statement:. Free-Space Propagation in Physical Optics
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Problem Statement:. Free-Space Propagation in Physical Optics
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Free-Space Propagation: Spectrum of Plane Waves (SPW)
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Free-Space Propagation: Spectrum of Plane Waves (SPW)
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Free-Space Propagation: Spectrum of Plane Waves (SPW)
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Free-Space Propagation: Spectrum of Plane Waves (SPW)
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Free-Space Propagation: Spectrum of Plane Waves (SPW)
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Free-Space Propagation: Spectrum of Plane Waves (SPW)

20

(z,y)

(kﬂ?? ky)

; Az :
V(p', 20) Vip,z)
Fr
V(K', 20) V(k,z)

D e

20

-

o~

P = X exp [ikz(n) Az]

SPW propagation operator:
Vip,z) =
= F, "{FAV(p',20)} - exp [il%z(m) Az|}

16



Free-Space Propagation: Spectrum of Plane Waves (SPW)
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Free-Space Propagation: Spectrum of Plane Waves (SPW)
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SPW propagation operator:
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Free-Space Propagation: Spectrum of Plane Waves (SPW)

20 Z

SPW propagation operator:

Vip,z) =

Convolution theorem:
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SPW and the Convolution Theorem

SPW propagation operator:
Vip,z) = T;l{Fﬁ{V(p’, 20)} - exp [il%z(fi) Az] }

Convolution theorem:

f,gl{fl'ﬁ}:fl@fz

1 00 exp(ikon) (.. _ 1\ Az
VI(pv Z) — __/f V(plazo) p(RO ) <1k0n_ E) ﬁdQPI
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f/ —Vpazo p(Ro )dzﬂl
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SPW and the Convolution Theorem

SPW propagation operator:
propag P Spectrum of Plane

V(p,2) = Fo H{FAV(p',20)} - explik. (k) Az] } Waves (SPW)

Convolution theorem:

]:El{fl'ﬁ}:fl@b

Rayleigh-Sommerfeld
Diffraction Integral




Free-Space Propagation: Rayleigh-Sommerfeld Integral
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Free-Space Propagation: Rayleigh-Sommerfeld Integral
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Free-Space Propagation: Rayleigh-Sommerfeld Integral
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Homeomorphism from " to x°Ut...

20 Z
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... but not from p'" to pout
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... but not from p" to pout

The integral nature of free-space propagation

stems from the Fourier transforms!

20 P = X exp ’1% (K) Au
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The Homeomorphic Fourier Transform: A Reminder

(Vo) = Ulp) explivr(o)

V.i(p) =k = p(k)
~ alp(k

exp( {¥lp(k)] — k- p(K)})

o

F™{V(p)}
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Far, Homeomorphic & Diffractive Field Zones (FFZ, HFZ, DF2)
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Far, Homeomorphic & Diffractive Field Zones (FFZ, HFZ, DF2)

Far field zone (FFZ)
Vo Fe™(V(p)} = Fu{V(p)}
Ve Flom{V(p)} & F.{V(p)}, even if y(p) = 15" (p)
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Far, Homeomorphic & Diffractive Field Zones (FFZ, HFZ, DF2)

\_

Homeomorphic field zone (HFZ)
Ve FoNV(p)} = Fu{V(p)}

X FromiV (o)) ox Bl iipd—ever T T5) = 0 (p)
)
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Far, Homeomorphic & Diffractive Field Zones (FFZ, HFZ, DF2)
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Far, Homeomorphic & Diffractive Field Zones (FFZ, HFZ, DF2)

Diffractive field zone (HFZ)
x e T-hom = D

33




Far, Homeomorphic & Diffractive Field Zones (FFZ, HFZ, DF2)

From the Iterative Fourier Transform Algorithm (IFTA)
to “Ray Mapping” and Back

Liangxin Yang, Irfan Badar, Roberto Knoth, Christian Hellmann
and Frank Wyrowski

I —

Diffractive field zone (HFZ)

X: W
x Fhom
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The Homeomorphic Fourier Transform in Free-Space
Propagation



The Homeomorphic Fourier Transform in Free-Space
Propagation



From Homeomorphic Field Zone to Diffractive Field Zone

20 Z
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From Homeomorphic Field Zone to Diffractive Field Zone
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From Homeomorphic Field Zone to Diffractive Field Zone

20 P = xexp [ii@'z (k) Az] Z

SPW propagation operator:
Vip,z) =
= F. HFAV (P, 20)} - explik. (k) Az] }
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From Homeomorphic Field Zone to Diffractive Field Zone

20 P = xexp [ikz (k) Az] Z

Vip,z) =

= f;lV(p', 20)} - expik. (k) Az]}
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From Homeomorphic Field Zone to Diffractive Field Zone

P = x exp [ik. (k) Az]

Vip.z) =
= f,;lV(p’, 20)} - expik. (k) Az]}
Vip,2)
Fl
V(k,z) S
4 )
+o0
p)=5 [[ e § ()] exp(i{v (6 ()] — 5 (R)})
X exp [1]{3 Az exp(m p)d’k
N\ J
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From Homeomorphic Field Zone to Diffractive Field Zone
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From Far Field Zone to Diffractive Field Zone

Vip,z) =

= f;lV(p', 20)} - expik. (k) Az]}

(kuy ky) V(K', 20) V(k, z)

20 P = X exp [ik. (k) Az] Z
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From Far Field Zone to Diffractive Field Zone

Vip,z) =
— f;lV(p’, 20)} - exp [il%z(&) Az|}
with PN
Fr Fl
(ki Koy |V (57, 20) Vik.z) _
20 P = xexp [ilvcz(h:) Az| z
-
1 oo K —1 . 2
Vip,z) = %//_m t[l;:z(ﬁ:)R] () explik - p] d°k
g
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From Far Field Zone to Diffractive Field Zone

FFYV (0 ) - exolif (r) A2])

explix - p] d*k

J

45 Debye, Ann. d. Phys., 1909



Assumptions of Debye Integral

1 Homeomorphic Fourier transform at input plane.

Spherical wavefront at input plane.

@ Propagation exactly to the focal point.
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Homeomorphic Fourier transform at input plane.
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Assumptions of Debye Integral

@ Homeomorphic Fourier transform at input plane.

a Spherical wavefront gl oIS
e Propagation exactly 1g.ihs




Analysis of the Effect of Wavefront Generalisation

Aberration: tertiary spherical, n = 25 (10)\)

8 mm

150 mm
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Analysis of the Effect of Wavefront Generalisation

VirtualLabrusion

8 mm

Aberration: tertiary spherical, n = 25 (10)\)

-

150 mm

[ With general wavefront in HFT

W ¢°1




Analysis of the Effect of Wavefront Generalisation

Aberration: tertiary spherical, n = 25 (10)\)

VirtualLabrusion

8 mm

Debye integral

=1 o=~185%
' =
—mrad B N ' L




From Diffractive Field Zone to Homeomorphic Field Zone

Vip,z) =
= {f,{{V(p’, 20)} - exp [il%z(ﬁ) Az|}
Az
(@,y) |V (#, 20) Vip.2)
Fr Fo'
(K k) [V (K, 20) V(k,2)
20 P = x exp ik, (r) Az] £
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From Diffractive Field Zone to Homeomorphic Field Zone

aiff-. e _ . v ~ —
*lfff‘}c“'ve ﬂqﬁ_ . g “_\Ql'ﬂo" 1{)1\-\-\' ‘} (\ {). ot J - -
S 0Ne w? 'xOﬂ'\c': 2o0"° __

Vip,2) = F oV (k,2) | = alr(p)] Alk(p)] exp (i{ dlr(p)] + K(p) - p })
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From Diffractive Field Zone to Far Field Zone

Vip,z) =

F N FAV (00} - explia ) A2])

20 P = xexp [ikz (k) Az] Z
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From Diffractive Field Zone to Far Field Zone

Vip,z) =
= {f,{{V(p’, 20)} - exp [il%z(ﬁ) Az|}
with ¢SP
Fr F
(ks ky) [V (K, 20) V(k,2)
20 P = x exp|ik; (r) Az] z
4 )
_konAzexp{ifsign(A2) koni(p)]} / / LRy ko' p\ Lo
V(p) = —1 27#2([)) - V(p 720) exp ! iﬁ(p) d P
g J
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From Diffractive Field Zone to Far Field Zone

nAz exp{i[sign(Az) kgnr oo
Vi) = DDA WD) (] ) xp(
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From Homeomorphic Field Zone to Homeomorphic Field Zone

Vip, 2) =
= IF { V(p', z0)}- exp[ifcz(ﬁ:) Az|}

(ky, k) |V (K, 20) V(k, 2)

o~

20 P = X exp [ikz(n) Az] Z
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From Homeomorphic Field Zone to Homeomorphic Field Zone

{F AV (P, 20)} - explik. (k) Az] }

|
o
—
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From Homeomorphic Field Zone to Homeomorphic Field Zone

V(pa Z) —
— V(p’, 20)} - expik. (k) Az]}

(z,y)

(Fa, ky) :
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From Homeomorphic Field Zone to Homeomorphic Field Zone

@y | 1 (z.9) V(o' 20) V(p,2) (z,9)

=
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From Homeomorphic Field Zone to Homeomorphic Field Zone

@y | 1 (z.9) V(o' 20) V(p,2) (z,9)

=
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From Homeomorphic Field Zone to Homeomorphic Field Zone

- y
/ homeo\“ \ib §\
fie\d 2%
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From Homeomorphic Field Zone to Homeomorphic Field Zone

Analytic solution for y5?"(p/)
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From Far-Field Zone to Far-Field Zone

(z,y)

(ke o) | 7

4 N
Vip,z) = i U( H P, zo) explisign(R + Az) konr(p, z)]
R+ Az R+ Az
g J

(kay ky) [V (K, 20)

Az
(2,9) |V, 20) Vip.2) |
V(k,z) R
P = X exp [ik. (k) Az] g

20 2

far fie

\a 20"

Az

(]
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From Far-Field Zone to Far-Field Zone

£tz

Energy conservation

Mapping of amplitude values

N

o

R

R_I_ AZP’ <0

N

~N

) explisign(R + Az) konr(p, )]

expliy*P(p’(p))+koOPL]

J

(z,y) |

(ks ky) | P

z

- e
car iV 2"

Az
V(p',20) Vip.2) |
V (K, 20) V(k,z) .
20 P = xexp [ik. (k) Az] €

20 2

far fie

\a 20"

Az

(]
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From Far-Field Zone to Far-Field Zone

4 )
Vip )= —2 2B i sign( R + Az) koi(p, 2)
z) = , 20 | expl1sign :
P, R+ Az R+Azp 0 pl1s1g 0 Y
\_ y,
Az Az
(,9) (z,9) [V(o', 20) Vip.2) | (,9)
(ko ky) | P (kay ky) |V (K, 20) V(k,z2) (ko )
0 20 P = x exp ik, (r) Az] g
R <0 R <0 R >0
Az < |R| Az > |R| Az >0

67




From Far-Field Zone to Far-Field Zone

R R . -
Vip,z) = R A U R A p, zo | explisign(R + Az) konr(p, )]
ar f1€\S z00° E‘a
:Az: Az
(z,9) (@) |V(e'.20) N\ Ve | (2,y)
4 ) 4 )
(ke ky) | P 1 (ke k) [V (1, 20) Vs, 2) _ (ko k) 1
\_ y,
\_ y, \_ y,
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From Far-Field Zone to Far-Field Zone

R R
V(p2) = iU s pron ) explsign(R + 82) ko (p. 2)
Az
(z,y) (z,9)
[ A f 2
(karky) | P 1 (ko) 1
\ J \ J
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From Far-Field Zone to Far-Field Zone

R R . "
V(p2) = iU s pron ) explsign(R + 82) ko (p. 2)
| =
Az Az
(z,y) (z,9) (z,9)
‘i‘ J:‘ v
(ku, ky) | P (kz, ky) (K, ky) ]5

20 z

Gouy, C.R. Acad. Sci. Paris, 1890
Berry, Proc. Roy. Soc. London, 1984

Baladron-Zorita et al, J. Opt. Soc. Am. A, 2019
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From Far-Field Zone to Far-Field Zone

R R
Vip,z) = U p, 2o | explisign(R + Az) konr(p, z
(p.2) = 72U i P 0 ) explisign(R + Az) konii(p, =)
L =
Az Az
r,Y) (z,9)

(kzy k) | P (K, ky) ]5
Gouy, C.R. Acad. Sci. Paris, 1890
Conclusion also valid for HFZ to HFZ Berry, Proc. Roy. Soc. London, 1984

propagation!

Baladron-Zorita et al, J. Opt. Soc. Am. A, 2019
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Gouy Phase: Simulation

e

|deal spherical wave (no
aberration)

Vir'f‘flualLab FUSION
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Gouy Phase: Simulation

e

|deal spherical wave (no
aberration)

VirtﬁﬁlLabmow
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Gouy Phase: Simulation

e

[ Astigmatism (34)

Virtu.alLabFu;ors

W
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Gouy Phase: Simulation




Gouy Phase: Simulation

e
[ Tetrafoil (3))

Vil‘:.’g{l‘.alLab FUSION

W
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Gouy Phase: Simulation

|
[ Tetrafoil (3))
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The HFT and the Gouy Phase in Beams with OAM

Gouy phase for fundamental Gaussian beam: exp |i arctan(zi>
! R/ .

Gouy phase for Laguerre-Gaussian beam: (2p + ¢+ 1) exp]|i arctan(i)
! ZR

B e

p — radial order [zR — Rayleigh Iength]

¢ — azimuthal order
\_ Y.
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The HFT and the Gouy Phase in Beams with OAM

Gouy phase for fundamental Gaussian beam: exp |i arctan
! R/ |

Gouy phase for Laguerre-Gaussian beam:  (2p + /7 + 1) exp]|i arctan(i)
| R/ |

Test: can the HFT propagation formula predict this effect?
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The HFT and the Gouy Phase in Beams with OAM

Vip.2) = & fAZ U(R fAZ P; ZD) explisign(R + Az) koni*(p, 2)]

Mapping: p' — —p

Il
i

Mapping in polar coordinates: { g

Gouy phase for Laguerre-Gaussian beam: (2p + ¢+ 1) exp [i arctan(z)]

<R




The HFT and the Gouy Phase in Beams with OAM

R R

Mapping: p' — —p

Mapping in polar coordinates: {

Gouy phase for Laguerre-Gaussian beam: (2p + ¢+ 1) exp [i arctan(

) explisign(R + £

P
2

V(k, 2)

P = x explik. (k) Az]

n ¥

Z

<R

)




The HFT and the Gouy Phase in Beams with OAM: Simulation

><

(2p+ £+ 1)exp [i arctan(—>]

<R
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The HFT and the Gouy Phase in Beams with OAM: Simulation

——

(2p+ £+ 1)exp [i arctan(—>]

<R
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The HFT and the Gouy Phase in Beams with OAM: Simulation

<

(2p + £+ 1) exp [i arctan (_)]

<R

7 rad - rad

—mrad —mrad
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The HFT and the Gouy Phase in Beams with OAM: Simulation

(2p+ £+ 1) exp [i arctan (i)]

<R

;//Z///////% ' \ 7 rad 7 rad
o N\
4 )
sph
exp ()
\ J
— rad —7 rad
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The HFT and the Gouy Phase in Beams with OAM: Simulation

<

2p+ ¢+ 1) exp [i arctan(—)]

<R

7 rad 7 rad
( )
_expbr™®T]

G J

—mrad —mrad
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The HFT and the Gouy Phase in Beams with OAM: Simulation

-——

(2p+ £+ 1)exp [i arctan(—>]

<R
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The HFT and the Gouy Phase in Beams with OAM: Simulation

-——

(2p+ £+ 1)exp [i arctan(—>]

<R
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The HFT and the Gouy Phase in Beams with OAM: Simulation

(2p+ £+ 1) exp [i arctan (i)]

<R

7 rad 7 rad

—mrad —mrad
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The HFT and the Gouy Phase in Beams with OAM: Simulation

(2p+ £+ 1) exp [i arctan (i)]

<R

7 rad 7 rad

( )

exp (wSph)

. J

—mrad —mrad

90



The HFT and the Gouy Phase in Beams with OAM: Simulation

<

2p+ ¢+ 1) exp [i arctan(—)]

<R

7 rad 7 rad
( )
_expbr™®T]

G J

—mrad —mrad
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