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Task Description

How to calculate an electromagnetic field progation though graded-index media?

A K-Domain Method for Fast Propagation of Electromagnetic
Fields through Graded-Index Media
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Theory: Maxwell‘s Equations

V x E(r,w) =iwugH (r,w) (1)
V x H(r,w) =iwe(r,w)E(r,w) (2)
e(r,w) = n?(r,w)
Now we defineV(r,w) = {E. E, E.,\/E°H,, /22 H,, , /’:—SHZ}T(r,w). Then

Egn. (1) and (2) can be rewritten as

8yV3(’I") anQ (’l") V4(fr

( 0.1 (’I") — axv3(7°) ) = 1kg ( Vs (’l") ) (3)
axVQ(T‘) — 8yV1 (’T‘) V6 (’I“)
(9yV6(r) — an5(’l“) V1 (r)
0, Va(r) — 0, Vs(r) | = —ikoe(r) | Va(r) (4)
0, Vs (’I“) — 8yV4(’I“) VB(T)
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Theory: Fourier Transform

8yV3(’I°) — anz('r) V4(’l") 8yV6('r) — 8ZV5(r) Vl (’P)
A, Vi(r)— 0., Vs(r) | =iko | V5(7) 0, Va(r) — 0, Vs(r) | = —ikoe(r) [ Va(r) (3-4)
0. Vs 0, Vi

In the plane z, we represent V;(p, z) by inverse Fourier transform @m,

/]

- 1 F00 . .
Vilp,z) = Fk_lvg(li,z) =5 // dk; dky Vi(K, z) exp(ik - p). (5)

T — OO
And substitute into Eqgn. (3) and (4), i.e.,
1 [[F -
0:Ve(p, 2z) = oy // dk, dk, ik, Vi(K, 2) exp(ik - p)
T — OO0
1 too -
and O, Vi(p, z) = oy // dk, dk, ik, Ve(K, 2) exp(ik - p)
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Theory: K-Domain Fomulation

8yV3(’I°) — 8ZV2('r) V4(’l") 8yV6(r) — 8ZV5('r) Vl (’P)
A, Vi(r)— 0., Vs(r) | =iko | V5(7) 0, Va(r) — 0, Vs(r) | = —ikoe(r) [ Va(r) (3-4)
(933V2(r) — (9yV1 (’f‘) V6(T‘) (933V5(r) — 8yV4(r) Vg(’P)

Eqgn. (3) and (4) become

iﬁy?ﬁ%(ﬁ"a Z) o 82‘22(5,2) ‘{4(R72)
0. Vi(K,z) —ikgV3(K,2) | =1ko | V5(K,2)

ke Va(k, 2) — ik, Vi(K, 2)

and i/{y}}G(Kﬁ Z) o 82‘25(’/"’7 Z) ‘Zl(K’a Z)
0.Va(k,z) — ik, Ve(k,2) | = —1koé(k,2)x| Va(k,2)

ik, Vs(K, 2) — ik, Vi(K, 2)

d
0, _>@
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Theory: K-Domain Fomulation

become
ire, Va(k, 2) — S2(k, 2) Vi, 2)
ddvl (k,2) — 1k V3(K, 2) =iko | Vs(k,2) ()
1/<;xV2(K, z) — 1/<;yV1( 2) Vs(k, 2)
and ik, Vo(k, 2) — Vs (1, 2) Vi(k, 2)
ddV4 (K, 2) — 1/4:$V6(n 2) = —iko€(r, 2)* | Va(k, 2) (6)
ik, Vs(K,2) — ik, Vi(K, 2) V3(K, 2)
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Theory: ODE in K-Domain LV = £ V)

- 0 k
k:o kio k k50

n 0 0 gtk g _higlke n
iy I (K, 2) =ik koky k2 ot Ta < (5, 2)
- ~ p— 0 x > ~ g
dz | Vi | k2 € 0 0 Vi ’

~ Lo s ) @

Vs = ky Rk Vs

€~ %2 2 0 0
i 2 2 i

€ and €' are the convolution operator. More specifically, € = éx and € ' = e~ 1x

Mathematical task:

Solving the ordinary differential equation
(ODE) (7), field propagation through media
with 72(r) is calculated!

J
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Theory: Solve the ODE L Vi=rEV)

. B 0 0 k_wg—lk_y 1 — keg=lks 7 -

Vi B, 0k, B Vi
4 ‘22 (k, 2) =ik kok; k2 ! S TRE & ‘:/2 (K, 2)
dZ V4 ’ 0 _ Zgy é _ é O 0 V4 7

5 e L 0 0 | 5
[
How to deal with operator € and € *?
_J
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Theory: Convolution Operator

~ N2
EVi(k, z) = // dkl, dké(k — K/, 2) x Vi(K/, 2)

channels I [

N is number of
sampling points
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Theory: Convolution Theorem

(p,w) —_

~AN
Fi EVi(k, 2)] = e(p, z) x Vi(p, 2)

(K, w)

channels I [
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Theory: Convolution Operator

Fio &k, 2)] = e(p, 2) x Va(p, 2)

channels i i

16 LightTrans International



Theory: Convolution Operator

e(p,z) X Vo(p, 2)

(p,w)

(K, w)

channels i i
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Theory: Convolution Operator

. - ke z—1ky _ ke z—1Eke T .
Vi 0 0 ko€ o 1 ko€ o Vi
|/ 0 0 ky =—1ky Cky =1k, 4
LV (k) =ik | oy Ea ok 2 (k)
d= | Vi [T T e 0 0 78
% -~ k2 kyks %
Vs | € é %8 0 0 | Vs
Fii [€Vi(w, 2)] = e(p, 2) x Vi(p, 2)
~ _ ~ s W i >
&) = Fi{elp ) x 7t [T 0)| ) PR
Fil Fr
~—1 ~ 1 _q ~
LR Y PR )| R v
channels [ I
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Theory: Solve the ODE —Vi=Ff(=V)

- ] 0 0 ky g=1ky 1 — keg=lks 7 -

Vi by 0 g, B0 o0 Vi
i v oo 0 mERT mETE

~ 0 0 ~

5 € . 0 0 | 5
. g [ ‘7J_(K'7 Z’L)
ODE solver (initial value problem) V. (k, ZOVL(””’ “1) V(K2
 Euler method | . V. (k. 2)
« Taylor series methods |
* Runge-Kutta methods
X
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Theory: Solve the ODE

d | Vs .

— ~ p— k

| v (k,2) =1iko | kuky
Vs é—

ODE solver (initial value problem)

« Euler method
« Taylor series methods
* Runge-Kutta methods

ky g=1ky 1 _ keg—lks
ko€ o ko€ ko
by e=1ky _ _ Ry e=1ks
ko= ko 0— 0
0 0
0 0

Calculate f/’L(n, zi+1) from VL(K/, %)

k1= Az f(2,Vi(k,2))

1 ~ 1

ko = Az f(z + §AZ7:, V(K 2i) + §k1)
1 ~ 1

k3 = Azlf(zl + §AZ@, VJ_(K,,Zi) + 5’62)

~ 1
ks = Az f(ziv1, V(K 2) + 5’43)

1
VJ_(K'/, ZZ'_|_1) = VJ_(K/,Z@') + 6(’61 + 2k2 + 2’<§3 + ki4)
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d - -
Theory: Solve the ODE —ZVPiM = f(2, V) |
- T 0 0 ky g=1ky ] — ke g=1ks 7 -
Vi k:ylio—_l k:yko k:?iC 1 " / Yl
L B P L I A 2 | (k. 2)
dz Y4 ’ - — ZSy é — é 0 0 ‘N/4 ,
Vs E— k’%’;fw 0 0 \ Vs

ODE solver (initial value problem)

* Euler method
» Taylor series methods

Calculate VJ_(F\',, zi+1) from Vl(ﬁ:, 2;)

ki = Azif(z, V(K 2))

1 ~ 1
ko = Az f(zi + §Azz', V(K z)+ 5’61)
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Example: Multimode Fiber

Input Gaussian

- waist radius 5 ym

- Ey-polarized

- wavelength 532 nm

input plane detector plane refractive index n(x, y)

A

1.0

calculate the result fields by Fourier modal method and Runge-Kutta based k-
domain algorithm.
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Result: Amplitude [V/m] of Output Field

3
~N X N, ~N
input plane detector plane refractive index n(x, y) RK k‘ —dO ]
A

E,

Ey

E,
Implemented by using Deviation
Programmable Component in ~1%
VLF
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Two-Dimentional Case



Theory: ODE for y —Invariant Condition Oy =0

i 0 0 0 1—lkeglta /y
d [ Vs B R R 0 A
—_— ~ p— k 2 ~
dZ Y4 (K"7Z) 1 0 O IZ—% —é O O ‘{4 (’/{’7 Z)
Vs € 0 0 0 ] Vs (8)
TE
d (Vs 0 -1 7, 9)
— ~ — 1k 2 _ ~
dz(V4>(R’Z) 10[%_5 0 (V4 (K, 2)
™
d (V B 0 1— feglhe Vi
e ( 7 ) (K, z) = ko [ z 0 7 (K, 2) (10)
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Y-Invariant GRIN Media: Luneburg Cylinder Lens

Input plane Output plane
{—\ 1414
0.8
X
20_4 ”””””””””””””” 1,207 I
0 ) lJ Ll 1 1 \l L) Z
-30 -10 0 10 30 1
Position [pm] < > L
40 ym
Input plane wave
- beam size 38 ym GRIN media:
- E-polarized N —
- wavelength 532 nm \_:n(ﬁ)g_:\ég ;n({ﬂ T 22)/R2

Task: By using FMM (rigorous) and the RK k-domain algorithm
- calculate field propagation in GRIN media xz —plane
— calculate field in the output plane
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Result: Amplitude of E, —Field

1414

Output plane

NA at focus position > 0.7

FMM

Amplitude [V/m] .ﬂ

X

RK k-domain algorithm
Amplitude [V/m] .H
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3D Case: Luneburg Lens

Input plane Output plane

Input plane wave 40 Hm

- beam size 38 ym GRIN media:

- E,.-polarized -n(z) = /2 — (22 + 12 + 22)/ R?

with R = 20 um

- wavelength 532 nm

Task: By using FMM (rigorous) and the RK k-domain algorithm
— calculate field in the output plane
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Result: Amplitude and Energy Density of Electric Fields

Output plane

energy density

~ |Ecc|2 -+ ‘E’y|2 T ’Ez|2
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Conclusion

« Develop a fast k-domain algorithm to calculate field propagation through
graded-index media
- Maxwell‘'s equations to derive ODE

ky =—1k ke =—1k

~ 0 0 Rz >y 1 — 2z¢ Nz ~

Vi byt gy byt g Vi

~ 0 0 Fyg=1ky _ _ Ny gmlke ~
41V (k,z) =ik koky k2 fo= to o ko V2 (K, 2)
N ~ = 0 x ~ -
dz | Vy ’ I = 0 0 Vi ’

Vs =k, kyk Vs

= A 0 0

— Solving this ODE by Runge-Kutta method (4th order) slice by slice along z —axis

— By using convolution theorem, convolution in k-domain is realized by multiplication in
spatial domain. So numerical effort of this algorithm ~N X N, with N is sampling points of
field and N, denoting slice number

« Compared to FMM the RK k-domain algorithm shows advantage when N

becomes large, which is general in three dimentional cases; it has no limit in
n(x,y,z) and NA of field.

30 LightTrans International



Outlook: Further Tricks of Solver

« We rewrite V| = U, exp(ikoniz), which abstract the fast changing term of field,
ODE becomes

Uy _ k lio_1k: o k;ko~_1 o Uy
p 0 0 —n Byg=1hy _ _Sye=lka %
: o~ ko ko= ko
— | 2% | (k,2) =iko koky K2 = - 2 | (K, 2)
dz U4 _ k% kg — € —n 0 U4
U -k kyk _ U
5 | €— k:_% Zg 0 —n . 5

Slow varying term U | is calculated, so N, can be reduced

- In general case, V| = U exp(ip) or V| = U | exp(it)). We need to explore
how to predict ¢ or ¢» and how to perform Fourier transform fast!
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Related Talks and Poster Presentations

« Talk: Optimization of coupling gratings for lightguide-based displays
Time: Monday, 1 April 2019 | 16:00 — 17:00

* Poster. Modeling of Diffractive/Meta-Lenses using Fast Physical Optics
Time: Monday, 1 April 2019 | 10:55 — 11:25
* Poster: Vectorial physical-optics modeling of the interaction of a tightly

focused beam with a nanoparticle
Time: Monday, 1 April 2019 | 10:55 — 11:25
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Thank you!



Discussion about Numerical Effort

* The calculation is along z—axis slice by slice. Assume the slice number is V..

- In each slice, RK4 is used, which means we calculate four timef(z, V1) with
operations ~ N. N is number of sampling points of field

The numerical effort of Runge Kutta based

k—domain method is ~ N x N, 3 Vik,z) VLK Z)

5 Vilk,20) = V(K zi1)
PN (o V) Vi
In this example, N ~ 10% 4 .

n(r,w)

e FMM N3 ~102and N, =1

 Runge-Kutta based k-domain algorithm N ~ 10* and ’ﬁz ~ 10%

L Advantage of fast calculation when N
becomes large, typically in 3D |

Z
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Theory: Convolution Operator

— k —~
~ 0 0 -z €
Vi 0 0 kyﬁi_
d Vo . , o €
— | - (K, z) = ikg kok, k2 =
dz Vy T TR2 k2 €
- 2
L €T TR

How to deal with operator € and € '? In-
stead of convolution (N?) in k—domain, (in-
verse) Fourier transform and multiplication
In spatial domain is used.

1 — keg=lke 7 -
ko= k
ky =1k, Yl
0 0 ~2 ([{ Z)
0 Y@ )
0 Vs
Fi  [EVi(k, 2)] = €(p, z) x Vi(p, 2)
(pw)——k >
Fi' Fi
(K, w) A 4
channels I I
source
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